Radicals DEAR
Multiplying and Dividing Radical Expressions
Learning Objective(s)
o Multiply and simplify radical expressions that contain a single term.
¢ Divide and simplify radical expressions that contain a single term.
Introduction
You can do more than just simplify radical expressions. You can multiply and divide them, too.
You can use your knowledge of exponents to help you when you have to operate on radical

expressions this way.

Multiplying Radical Expressions

Let’s start with a quantity that you have seen before, VB4 you can simplify this square root by
thinking of it as Y164
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If you think of the radicand as a product of two factors (here, thinking about 64 as the product
of 16 and 4), you can take the square root of each factor and then multiply the roots. The end

result is the same, VB4 = 8.

This is an example of the Product Raised to a Power Rule. This rule states that the product of
two or more numbers raised to a power is equal to the product of each number raised to the
same power.

This should be a familiar idea. You have applied this rule when expanding expressions such as
(ab)* to a* * b*; now you are going to amend it to include radicals as well. Imagine that the
1 1

. 7
exponent x is not an integer but is a unit fraction, like 3 , so that you have the expression (ab)
1 1

. According to the Product Raised to a Power Rule, this can also be written a¥ +b® , Which is the

same as , since fractional exponents can be rewritten as roots. So, for the same
1

1 1
reason that (801" =8 'bx, you find that ¥&8 = a+xb

A Product Raised to a Power Rule
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For any numbers a and b and any integer x: (g} =a"+h

=
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For any numbers a and b and any positive integer x: (8o =a% b

For any numbers a and b and any positive integer x: Jab = 'i"ll'f"_ * {"I'E

The Product Raised to a Power Rule is important because you can use it to multiply radical
expressions. Note that the roots are the same—you can combine square roots with square
roots, or cube roots with cube roots, for example. But you can’t multiply a square root and a
cube root using this rule.

Let’s look at another example.

Example

Problem Simplify. ¥18++/16

f1a+15 Usetherule
Ya+4b=4ab to multiply

the radicands.

288

f144+ 2 Look for perfect squares in the
radicand, and rewrite the

radicand as the product of two
factors.

(12 +2 Identify perfect squares.

e , Rewrite as the product of two
12) ﬁ radicals.

12]++2 «fx_2=|x|.

Simplify, using
12042

Answer J18 16 = 1242

Using the Product Raised to a Power Rule, you can take a seemingly complicated expression,
V1816 , and turn it into something more manageable, 1 2"-5 :



You may have also noticed that both V18 and ¥18 can be written as products involving
perfect square factors. How would the expression change if you simplified each radical first,
before multiplying?

Example
Problem Simplify. V18 *~/16

J3+7.. /4.4 Look for perfect squares in
each radicand, and rewrite as

N3+3+2ea/44 the product of two factors.
\((3)1 “7 e \/'{4)2 Identify perfect squares.

W*ﬁm Rewrite as the product of

radicals.
V2| VXt =[x
3enfZ 4 '

12 Multiply.

Answer 1816 =122

3

Simplify, using

In both cases, you arrive at the same product, 12"-'5 . It does not matter whether you multiply
the radicands or simplify each radical first.

You multiply radical expressions that contain variables in the same manner. As long as the roots
of the radical expressions are the same, you can use the Product Raised to a Power Rule to
multiply and simplify. Look at the two examples that follow. In both problems, the Product
Raised to a Power Rule is used right away and then the expression is simplified.

Example

Problem PR

17%% + 3y USE the rule
Yailb=4ab multiply

the radicands.

1203038 oy

3 341
36+x°*" Recallthat ¥ *X=Xx""




¥ 212 LOOK for perfect squares in
(B)" =) the radicand.

"(6}12 . f(xz P Reyvrite as the product of
radicals.
G e x?

Answer W'JS_X — Bl

Example

Problem ijﬁyz . 5-3'\(83-(23?4

Simplify.

53 Il—xﬁj,.r‘z BxtyT Notice that both radicals
are cube roots, so you
can use the rule
"Glﬁ; * 3&{5 = x\l ab to

multiply the radicands.

5?&(8.}(5 ixz "'_'!,.';2 13{4
53fG x7 "

5{/{2)3 (kTP exe [P Look for perfect cubes in

. . 7o,
the radicand. Since * is
not a perfect cube, it has
to be rewritten as

Xﬁ+1 — (XZIIS .y

afrma 243, RN Rewrite as the product of
5\'/(2) \((x ) \/W ) ﬁ radicals.

5'2';‘(2'}!‘2"{?{;

Answer oL BT L 5alB it - 0ty R

This next example is slightly more complicated because there are more than two radicals being
multiplied. In this case, notice how the radicals are simplified before multiplication takes place.
(Remember that the order you choose to use is up to you—you will find that sometimes it is
easier to multiply before simplifying, and other times it is easier to simplify before multiplying.



With some practice, you may be able to tell which is which before you approach the problem,
but either order will work for all problems.)

Example
Problem e 8 a4l F .4 3
Simplify. 2¥ 10% Iy w20 y20

Notice this
expression is
multiplying three
radicals with the
same (fourth) root.
Simplify each
radical, if possible,
before multiplying.

4l d s rwE 1 e et o afiard, 3., Be looking for

2P DS X ‘jy_ ()7 ey powers of 4 in

each radicand.

affnd L afi dd jafs all 3, alrawd , af @ Rewrite as the
227 0T gl B Y o o

radicals.

et el ? o 3]s 4fi,  ldentify and pull
2 ‘E Yoo Rleapy out powers of 4,

Eigixziﬁii/}jig.4|‘x3y USing the fact that
Pt =

o0yl el ey e ydy, Sinceallthe
¥ ¥ radicals are fourth
roots, you can use

L x?

the rule

Jab =3a b to
multiply the
radicands.

12 T

zaf.4, .4 Now that the
12Ty radicands have
been multiplied,
12};2{;’; . #F look again for
powers of 4, and
pull them out. We
Jr’| can drop the
absolute value
signs in our final
answer because
at the start of the

127 «|x




problem we were
told x20 ¥=20,

AnSWGI’ 24.‘-’] Bxg .‘V{Fi 4'81)’:3_‘!}" = 12.}(33{. X :—:. |:Il .I!"';:_? D

Which one of the following problem and answer pairs is incorrect?

A) Problem: V16++/25 Answer: 20

B) Problem: JIB Answer: 4[]
C) Problem: E‘E.'S\/F Answer: Xy
D) Problem: JE_D%? Answer: m

Show/Hide Answer
A) Problem: V16425 Answer: 20

Incorrect. This problem does not contain any errors; V16225 =4+5=20 Answer D
contains a problem and answer pair that is incorrect.

B) Problem: 1B+ Answer: 4l

2

1B efxE =4+

Incorrect. This problem does not contain any errors;
D contains a problem and answer pair that is incorrect.

x|= 4|X|. Answer

3w ¥ 2 i
C) Problem: ""E \/j";— Answer: 24
Incorrect. This problem does not contain any errors. The two radicals that are being
multiplied have the same root (3), so they can be multiplied together underneath the
same radical sign. Answer D contains a problem and answer pair that is incorrect.

D) Problem: ”@ ) %7 Answer: Y20y

Correct. The two radicals have different roots, so you cannot multiply the product of the
radicands and put it under the same radical sign. So, this problem and answer pair is
incorrect.

Dividing Radical Expressions

You can use the same ideas to help you figure out how to simplify and divide radical

expressions. Recall that the Product Raised to a Power Rule states that Vab = f-"{'; * {"{E . Well,
what if you are dealing with a quotient instead of a product?
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T =
There is a rule for that, too. The Quotient Raised to a Power Rule states that b b .
Again, if you imagine that the exponent is a rational number, then you can make this rule

applicable for roots as well: b , SO b {"{E .

A Quotient Raised to a Power Rule

For any real numbers a and b (b # 0) and any positive integer x:

For any real numbers a and b (b # 0) and any positive integer x: b {"{E

As you did with multiplication, you will start with some examples featuring integers before

3240yt

3
moving on to more complex expressions like 8y
Example
Problem A8

Simplify.

Use the rule b {"{E to

create two radicals; one in
the numerator and one in the
denominator.

EEIRE

16+2 Simplify each radical. Look

for perfect square factors in

the radicand, and rewrite the

ar radicand as a product of
factors.

B

I~
.

=
.

[N
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Identify and pull out perfect
squares.

e \."?-) Simplify.
o
Answer \/ﬁ 443
755
Example
Problem R
)
Simplify 40
:f540 Rewrite using the Quotient
Raised to a Power Rule.
340
Heae10 Simplify each radical. Look
. for perfect cubes in the
8*5  radicand, and rewrite the
radicand as a product of
factors.
3 (4)3 <10 Identify and pull out perfect
cubes.
U2y 5
a 3.3
(47«10
3J(2)3 . i-'g
4310
2+35
430 You can simplify this

expression even further by
looking for common factors
in the numerator and
denominator.

Rewrite the numerator as a
product of factors.




Answer

5 A5
235

Zeledf

640
R
40 V2

i

Identify factors of 1, and
simplify.

That was a lot of effort, but you were able to simplify using the Quotient Raised to a Power Rule.
What if you found the quotient of this expression by dividing within the radical first, and then

took the cube root of the quotient?

Let’s take another look at that problem.

Problem

Answer

Y640

/40

640+ 40="16

=237

Since both radicals are cube
roots, you can use the rule
7 [a

= X|—

‘ﬁE b to create a single
rational expression
underneath the radical.

Within the radical, divide 640
by 40.

Look for perfect cubes in the
radicand, and rewrite the
radicand as a product of
factors.

Identify perfect cubes and
pull them out.

Simplify.




That was a more straightforward approach, wasn't it?

As with multiplication, the main idea here is that sometimes it makes sense to divide and then
simplify, and other times it makes sense to simplify and then divide. Whichever order you
choose, though, you should arrive at the same final expression.

Now let’s turn to some radical expressions containing variables. Notice that the process for
dividing these is the same as it is for dividing integers.

Example

Problem m
Simplify. ¥10%

-
W
=

20 Use the Quotient Raised to a
—— Power Rule to rewrite this
expression.

2+10x 30x
10 gimplify ¥ 10X py

identifying similar factors in
10% the numerator and
3+ 10x denominator and then
identifying factors of 1.

Answer 0w 3
0%
Example

Problem 3;'24x 4
3—'VI - il
Simplify. ¥oY
24}(_';;‘4 Use the Quotient Raised to a
3

Power Rule to rewrite this
8Y  expression.

i/B-S-x-ﬁ-y 324)@“‘

By simplity ¥ Y py
identifying similar factors in
the numerator and




.. denominator and then
3 u . B_jf identifying factors of 1.

zf2..2 ldentify perfect cubes and
Sxy pull them out of the radical.

5 (_VIIS o3 Ay Slmpllfy

Answer W . y@

As you become more familiar with dividing and simplifying radical expressions, make sure you
continue to pay attention to the roots of the radicals that you are dividing. For example, while

5y 8y’

/ 4 )
you can think of 225y as equivalent to 220y since both the numerator and the

8y’ 8y

El
4 4 4
denominator are square roots, notice that you cannot express "jz%y as 220y
second case, the numerator is a square root and the denominator is a fourth root.

. In this

2T %"

Divide and simplify. VX , 52 0
A) 3xtaf3x

axtfax

S At

B) X
c) X' x
D) '\FE?XS

Show/Hide Answer
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A) 3}(2'\1'{3_}(

Correct. Using what you know about quaotients, you can rewrite the expression as
27"

E III b
X", simplify it to 27x , and then pull out perfect squares. The simplified form is

3xtaf3x
ax*3x
i

B) X

III g II' 4
Incorrect. You correctly took the square roots of 27X and ¥X , but you can simplify

|
this expression further. The correct answer is 3XNIx

c) X' x
N 2758

et 2
Incorrect. You simplified ¥* not “¥* . The correct answer is 3NN

D) *-,.'2?)(5

BN

2T x*

)4 III b
Incorrect. The expression X is the same as V27X , but it can also be simplified
z |
further. The correct answer is SxTN3x

Summary

The Product Raised to a Power Rule and the Quotient Raised to a Power Rule can be used to
simplify radical expressions as long as the roots of the radicals are the same. The Product Rule
states that the product of two or more numbers raised to a power is equal to the product of each

number raised to the same power. The same is true of roots: vab = {"Fa_ ' i"E . When dividing

F— =

. . . . L =&
radical expressions, the rules governing quotients are similar: b “-"E .



